The joint distribution of every second eigenvalue obtained after superposing the spectra of two circular orthogonal ensembles (β = 1) is known to be equal to that of the circular unitary ensemble (β = 2), where the parameter β is the Dyson index of the ensemble. Superposition of spectra of m such circular orthogonal ensembles is studied numerically using higher-order spacing ratios. It is conjectured that the joint probability distribution of every k = m − 2-th (m ≥ 4) eigenvalue corresponds to that of circular β-ensemble with β = m−3. For the special case of m = 3, k = β = 3. It is also conjectured that the spectral fluctuations corresponding to k = m + 1 (m ≥ 2) and k = m − 3-th (m ≥ 5) order spacing ratio distribution is identical to that of nearest neighbor spacing ratio distribution with Dyson indices m + 2 and m − 4 respectively. Strong numerical evidence in support of these conjectures is presented.
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I. INTRODUCTION
Superposition principle has played an important role in our understanding of classical and quantum physics. The famous Young's double slit experiment has been explained using this principle. In quantum physics, since Schrodinger equation is linear, the superposition of its solutions can be used to get new ones. In quantum information theory, superposition of states can create or destroy entanglement [1] . In similar ways, superposition of eigenvalues of random matrices can lead to different fluctuation properties [2] [3] [4] [5] [6] . Superposition of eigenvalues can also occur if a given matrix H possess an additional symmetry S, i.e. [H, S] = 0. This splits the Hilbert space of the system into invariant subspaces. In other words, the H becomes block diagonal in the basis formed by the eigenfunctions of S, i.e., H = H 1 ⊗ H 2 ⊗ . . . ⊗ H m . Here, m denotes the number of non-degenerate eigenvalues of S. Thus, due to the symmetry S, in the spectra of H the eigenvalues from different blocks get superposed. Symmetries have played an important role in our understanding of many areas of physics [7] [8] [9] . The importance of symmetries can be understood from the works of Emmy Noether, where she has related continuous symmetry and conservation laws in her famous theorem.
Symmetries have also played an important role in the random matrix theory (RMT) [4, 10] . This goes back to Wigner who defined a class of Gaussian random matrix ensembles to understand the fluctuations in nuclear spectra. The class of ensemble one uses depends on the symmetry present in the system. In RMT, the spectral fluctuations are modeled using the most popular measure namely the nearest neighbour (NN) level spacings, s i = E i+1 − E i , where E i , i = 1, 2, . . . are the eigenvalues of the Hamiltonian H. Wigner surmised that in time-reversal invariant systems without a spin degree of freedom, these spacings are distributed as P (s) = (π/2)s exp(−πs 2 /4), which indicates the level re- * Electronic address: udaybhosale0786@gmail.com pulsion. For these systems, the statistical properties of the spectra are modelled correctly by the Gaussian Orthogonal Ensemble (GOE) having Dyson index β = 1.
Other ensembles that are used commonly in RMT are Gaussian unitary ensemble (GUE) and Gaussian symplectic ensemble (GSE) having Dyson index β = 2 and 4 respectively. In this work, we use circular class of ensembles for our study [10] . The symmetries that are used in defining respective Gaussian ensembles are the same for those of circular ensembles. Indices β = 1, 2 and 4 corresponds to Dyson's threefold way and have played an important in physics. Matrix representation for these indices was given in the initial development of RMT. But these ensembles are valid and exits for continuous parameter β ∈ (0, ∞) and a tridiagonal random matrix model have been defined for them [11] . It has been used recently in the study of level statistics of many-body localization for β ∈ (0, 1] [12] . The index β is interpreted as the inverse temperature of T = 1/β in the RMT literature. The Wigner's surmise has been extended to all quantum chaotic systems in the form of Bohigas-GiannoniSchmidt conjecture [13] , which states that such systems display level statistics consistent with that of an appropriately chosen random matrix ensemble. Due to the additional symmetry S, the eigenvalues from different blocks get superposed. This results in level clustering and one obtains the spacings distribution to be Poissonian [4] , P (s) = exp(−s), which also corresponds to the spectral fluctuations of integrable systems [14] . This implies that to study genuine spectral correlations, the eigenvalues must be drawn from the same subspace.
Motivated by the works of Wigner, Dyson introduced new class of ensembles of random matrices known as cicular β-ensembles which are measures of the spaces of unitary matrices [15] . They have played important roles in RMT. The Dyson index β = 1, 2 and 4 corresponds to Circular Orthogonal Ensemble (COE), Circular Unitary Ensemble (CUE) and Circular Symplectic Ensemble (CSE) respectively. These ensembles have found applications in the scattering from a disordered cavity [10] , condensed matter and optical physics [16] . Algorithm for generating these ensembles numerically is non triv-ial compared to that of Gaussian ensembles and is given in Ref. [17] . Similar to Gaussian β-ensemble, the circular β-ensemble is also defined for continuous parameter β ∈ (0, ∞) and a corresponding tridiagonal model is defined for them [5, 18] .
Previous studies have shown connections within ensembles corresponding to β = 1, 2 and 4. A theorem which relates the properties of the CUE and COE has been conjectured in Ref. [2] and later proved by Gunson [3] . It states that the alternate eigenvalues obtained after superposition of spectra of two matrices of same dimension from COE belongs to that of CUE. A similar theorem relating properties of COE and CSE were proved in Ref. [19] . It states that, the alternate eigenvalues of an even dimensional COE belongs to that of CSE. Thus, these two theorems together state that all the statistical properties of the three ensembles are derivable from that of COE alone [19] . In fact, these two theorems hold at the level of joint probability distribution function (jpdf). A natural question that can be asked as follows: Can these two theorems be generalized to obtain circular ensembles with other values of β ? There are recent studies in this direction at the level of spectral fluctuations but not at the level of jpdf [6] . There it is shown that when m number of COE spectra are superposed then the distribution of the m−th order spacing ratios is same as that of NN spacing ratios of circular ensemble with Dyson index m. (The definition of higher-order spacing ratios will be given in detail in Sec.II). In the same paper Ref. [6] , this result is then used for deducting symmetries in various complex systems.
In this work, we present rigorous numerical evidence for the generalization of the theorem relating superposition of spectra of two COEs resulting in a CUE ensemble [2, 3] . In fact, our conjecture relates the jpdf of the circular ensemble with positive integer-valued β to the superposition of COEs. We have also studied the spectral fluctuations on the lines of Ref. [6] . It is shown that after superposing m number of COE spectra, the distribution of m + 1 and m − 3-th order spacing ratios are related to that of NN spacing ratios of circular ensemble with Dyson index β ′ , where β ′ is given in terms of m. The structure of the paper is as follows: In Sec.II definition of various quantities, namely, the NN spacing ratios, higher-order spacing ratios are given. Previous studies from random matrix theory and other fields using these definitions are presented. In Sec.III our results using the higher-order spacing ratios of superposition of COEs are presented. Numerical evidence in support of our results are presented. In Sec.IV summary of our results and conclusion is given.
II. PRELIMINARIES
For the study of the spacing distribution, one needs to do the unfolding of the spectra which removes the system dependent spectral features, i.e., the average part of the 1  1  2  3  4  2  4  7  10  13  3  8  14  20  26  4 13  23  33  43  5 19  34  49  64  6 26  47  68  89  7 34  62  90  118  8 43  79  115 151   TABLE I : Tabulation of higher-order indices β ′ for various k and β using Eq. (3).
density of states [4, 20] . This procedure is nonunique and cumbersome in many cases. This difficulty can be solved by using the NN spacing ratios [21] , i.e., r i = s i+1 /s i , i = 1, 2, . . ., since it is independent of the local density of states and thus does not require unfolding. The distribution of r i , P (r) has been obtained for Gaussian ensembles and is given as follows [22, 23] :
where Z β is the normalization constant that depends on β. This quantity has found many applications, like numerical investigation of many-body localization [12, 21, [24] [25] [26] [27] [28] , localization in constrained quantum system [29] , quantifying the distance from integrability on finite size lattices [30] [31] [32] [33] [34] and to study localization transition in Lévy matrices [35] .
Variations of the spacing ratios have been studied in the recent past [23, [36] [37] [38] . In this work, we consider the non-overlapping k-th order spacing ratio, where no eigenvalue is shared between the spacings of numerator and denominator, defined as follows:
This ratio has been used to study higher-order fluctuation statistics in the Gaussian [39] and Wishart ensembles [40] , and a scaling relation is given as follows:
It tells that the distribution of k-th order spacing ratio for a given β ensemble is the same as that of NN spacing ratios of β ′ (> β) ensemble. It has been applied successfully to various physical systems like spin chains, chaotic billiards, Floquet systems, observed stock market, etc. [39, 40] . It is also used recently to find the symmetries in complex systems [6] . In Ref. [6] (as explained in the Introduction) the distribution of the m−th order spacing ratios after superposing the spectra of m COEs is studied. It is shown to be converging to the distribution of (9) . Here, the NN spacing ratios P (r, β ′ ) with β ′ = m i.e.
The Eq. (3) is tabulated for few values of β and k in Table I . It can be observed from the β = 1 series in Table  I that the β = 4 series appears at its even places. This is because of the relation between COE and CSE exists at the level of the jpdf of the eigenvalues [2, 3] . This observation plays an important role in further analysis in the subsequent part of this paper. The special case of the Eq. (3) for 0 ≤ β ≤ 1 is given in Refs. [41, 42] that too at the level of the joint probability distribution of eigenvalues. There, it is shown that the jpdf of every k-th eigenvalue in certain β-ensembles with β = 2/k is equal to that of another β-ensemble with β = 2k.
III. RESULTS
In this work, our main object of study is the circular β-ensembles. The jpdf is given as follows:
where N is the dimension and C β,N = (2π) −N {Γ(1 + β/2)} N {Γ(1 + N β/2)} −1 is the normalization constant [4, 10] . The eigenvalues θ i lies on the unit circle and display level repulsion [4] .
Based on numerical simulations the main results or conjectures of this work are now summarized. 
Here, N has to be chosen such that N ′ is an integer. For the case m = 3, we have N ′ = N . The condition on the value of N is motivated from Refs. [3, 19, 43] . To understand this, without loss of generality, the eigenvalues can be arranged in ascending order, so that 0 < θ 1 < θ 2 < . . . θ mN < 2π. Thus, when one starts to select every k−th (= m − 2) eigenvalue starting from, say θ 1 , then one obtaines the sequece {θ 1 , θ k+1 , θ 2k+1 , θ 3k+1 , . . . , θ (N ′ −1)k+1 }. Thus, the condition on N makes sure that the next value in the sequence which is θ N ′ k+1 equals θ mN +1 , which is equal to θ 1 , since all the eigenvalues lie on the circle.
Two different relations on the lines of Eq.(4) (see
Ref. [6] ) at the level of spectral fluctuations are obtained. The first relation is as follows:
and m ≥ 2, while the second one is as follows:
and m ≥ 5. This result is asymptotic in N . Except this there is no condition on the value of N since these equations are only relating the fluctuations of the ensembles. Now various numerical evidences supporting our conjectures are presented. The numerical simulations in support of the conjecture in Eq. (6) are presented in Figs.1 and 2. It can be seen that, if the conjecture is correct then for given m, every k = m−2, k = 2(m−2), k = 3(m−2), . . . -th eigenvalue will give the spacing ratio as per the series in Eq. (3) for β ′ = m − 3 (see Table I for the specific values). This can be observed in Figs.1 and 2 . For numerical simulations, the value of N is taken such that it is multiple of least common multiple of numbers from 2 to 9. For m = 5 we have taken N = 9000 for rest N = 8400. These dimensions make sure that N ′ /i (i = 1 to 4) remains a whole number. Here, i corresponds to column number in the figures.
Motivated by the work in Ref. [22] , in order to get the best fit as shown in Figs. 1 and 2 , we have gone beyond the surmise in Eq. (3) for the higher-order spacing ratios, though the deviations (not shown here) from the surmise are very small (the analysis just using Eq. (3) is also carried out and is discussed in the subsequent part of the paper). The numerical fits in these figures are given by
Here,
where c β ′ is calculated using the normalization condition ∞ 0 δP fit (r, β ′ )dr = 0 (see Table II for the approximate numerical values. For exact values refer Appendix A). The same form for δP fit (r, β ′ ) has been used earlier in Ref. [22] while studying the NN spacings ratios. The form for δP fit is surmised on the assumption that P num (r, β ′ ) for large N and P (r, β ′ ) have the same asymptotic behavior for small and large r. This form satisfy the functional equation δP (r) = (1/r 2 ) δP (1/r). For large N , the best fit is obtained by tuning only one fitting parameter C β ′ ,m depending on β ′ and m (see Table VI for its numerical values. For m = 7 case, refer Appendix A). It can be seen from Figs. 1 and 2 that qualitatively these fits are very good. We also check these best fits with the numerical data quantitatively. Firstly, we calculate the overlap (p) between the probability plots in Figs. 1 and 2 defined as follows:
Secondly, we have studied the cumulative distribution functions corresponding to observed data P k obs (r, 1, m) and P num (r, β ′ ). We have calculated the maximum absolute difference (d) between these cumulative distributions defined as follows:
where F k obs (r, 1, m) and F num (r, β ′ , m) denotes cumulative distribution functions corresponding respectively to the observed histogram P As a third check for our claim, we have done analysis using only Eq. (3) for P (r, β ′ ) where no fitting parameter is involved. We numerically find the difference between the cumulative distributions defined as follows:
where F (r, β ′ , m) denotes the cumulative distribution function corresponding to P (r, β ′ ). This definition has been used in earlier works [6, 39, 40] in similar kind of analysis. It can be seen that, D(β ′ ) is minimum for the Now, the numerical simulations supporting the conjectures in Eq. (7) and (8) are presented in Figs. 5 and 6. It can be seen that these figures gives strong numerical evidences for them. We have also tested these conjectures using D(β ′ ) given in Eq. (13) . The results are plotted in the insets of Figs.5 and 6. It can be seen that, the D(β ′ ) is minimum for the value of β ′ for which the corresponding P (r, β ′ ) is the best fit for the observed histograms in Figs.5 and 6, thus supporting the conjectures. 
IV. SUMMARY AND CONCLUSIONS
This paper has studied the higher-order spacing ratios of the superposed spectra of COEs. Based on our numerical study, we have conjectured the generalization of the theorem relating COE and CUE ensemble [2, 3] . In the support of this, three different numerical evidences are given. Thus, with our conjecture, one can generate eigenvalues of any circular β-ensemble, where β ≥ 3 and is a positive integer, by superposing m = β + 3 COEs and taking every k = β + 1-th eigenvalue. The dimension N of the superposing COEs has to be taken such that N ′ = mN/(m − 2) is an integer, which is also the dimension of the final matrix. Thus, for given β the final matrix can only take dimension in integer multiple of β + 3. For the special case of β = 3, one needs to take m = k = 3 which implies N ′ = N . Although, matrix model for circular β-ensemble for β ∈ (0, ∞) and for all N ′ is given in Ref. [5, 18] our result have related all integer-valued β-ensemble to the superposition of COEs in the lines of Refs. [2, 3] . This connection was absent earlier.
Our result also implies that superposing COEs, one again obtains a COE if m = 4 and k = 2 are taken. It gives one more method of generating a CUE ensemble apart from the earlier one [2, 3] by taking m = 5 and k = 3. One can also generate CSE using our result if m = 7 COEs are superposed and every k = 5-th eigenvalue is chosen. This is yet another method apart of generating CSE from the earlier one [19] where it is shown that set of every second alternate eigenvalue in just a single, even dimensional COE belongs to that of CSE. Thus, one can say that for given positive integer-valued β, the statistical properties of all circular β-ensembles of dimension i(β + 3), where i is a positive integer, are reducible to that of COE of dimension i(β + 1) alone.
Apart from giving results at the level of jpdf, we have also conjectured two different relations at the level of fluctuations alone. It is conjectured that when the spectra of m number of COEs are superposed then k = m + 1-th (m ≥ 2) and k = m − 3-th (m ≥ 5) order spacing ratios distribution converges, in the limit of large matrix dimension, to the corresponding nearest neighbor statistics of β ′ = m + 2 and β ′ = m − 4 respectively. Similar study was carried recently in Ref. [6] for k = m where β ′ = m was conjectured in the case of GOE. In the same paper this result was used successfully for finding number of symmetries in complex quantum systems. From earlier studies [4, 6, 10] our results can be claimed to be true for GOE in the limit of large matrix dimensions. Our results can provide additional and stringent tests for studying symmetries in these systems [6] .
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